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Abstract 

We prove a simple sufficient criteria to obtain some Hardy inequalities on Rie- 
mannian manifolds related to quasilinear second-order differential operator ApU := 

div ^|Vu|^~^ ViL^. Namely, if p is a nonnegative weight such that —App > 0, then 
the Hardy inequality 

Jm Jm 
holds. We show concrete examples specializing the function p. 

Our approach allows to obtain a characterization of p-hyperbolic manifolds as 
well as other inequalities related to Caccioppoli inequalities, weighted Gagliardo- 
Nirenberg inequalities, uncertain principle and first order Caffarelli-Kohn-Nirenberg 
interpolation inequality. 

Keywords. Hardy inequality, Riemannian manifolds, parabolic manifolds, Caccioppoli 
inequality, weighted Gagliardo-Nirenberg inequality, interpolation inequality. 
MSG 2010. 58J05, 31C12, 26D10 

1 Introduction 

An A^- dimensional generalization of the classical Hardy inequality asserts that for every 
p> 1 
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where Q C is an open set, and the weight w is, for instance, w (x) := |x| and p < N, 
or w (x) := dist (x, dn) and is convex (see for example [BFTl [BMl [DHl IGGMi IMMPl 
[MSn [MS2l [Ml] and references therein). 

The preeminent role of Hardy inequalities and the knowledge of the best constants 
involved is a well known fact, as the reader can recognize from the wide literature that 
uses such a tool in Euclidean or in subelliptic setting as well as on manifolds ( |BGl IBCl 
[BMl [BDl [33 [MP] just to cite a few). 

On the other hand, the knowledge of the validity of a Hardy or Gagliardo-Nirenberg or 
Sobolev or Caffarelli-Kohn-Nirenberg inequality on a manifold M and their best constants 
allows to obtain qualitative properties on the manifold M. For instance in |AX[ ICX[ [Xi] 
it was shown that if M is a complete open Riemannian manifold with nonnegative Ricci 
curvature in which a Hardy or Gagliardo-Nirenberg or Caffarelli-Kohn-Nirenberg type 
inequality holds, then M is in some suitable sense close to the Euclidean space. 

One of our aims is to prove some Hardy inequalities on Riemannian manifolds. In 
1997, Carron in |Ca2j studies weighted L^-Hardy inequalities on a Riemannian manifold 
M under some geometric assumptions on the weight function p, obtaining, among other 
results, the following inequality 

c[ ^dvg< [ \\/u\^dvg, mgCo°°(M), (1.1) 

where p is a nonnegative function such that |Vp| = 1, Ap > ^, p^^ {0} is a compact set 

of zero capacity and c = {-^Y- 

Li and Wang in |LW] prove that if M is a hyperbolic manifold (i.e. there exists a 
symmetric positive Green function (■) for the Laplacian with pole at x), then 



We also mention Miklyukov and Vuorinen, which in |MV] prove that the inequality 

a{t{x))u{x)\''dvg\ ^^(j W{Hx))\^u{x)\fdvgj , mgWo'^(M), 

holds for q > p provided some conditions related to the isoperimetric profile of M are 
satisfied. 

In [AS] . Adimurthi and Sekar use the fundamental solution of a general second-order 
elliptic operator to derive Hardy-type inequalities and then they extend their arguments 
to Riemannian manifolds using the fundamental solution of p-Laplacian. 

Bozhkov and Mitidieri in [BoMilj prove the validity of f 1 1.1 1) also for p ^ 2 {1 < p < N), 
provided there exists on M a C^ conformal Killing vector field K such that divi^' = p 
with p a positive constant and p = \K\. 
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Let p > 1 and let p be a nonnegative function. Our principal result is a simple criterion 
to estabilish if there holds a Hardy inequality involving the weight p. Namely, if p is p- 
superharmonic in Q, that is —App > 0, then 

c / ^ I Vpr dvg < [ I V^r dvg, u e (M) , (1.2) 

holds (see Theorem 12. ip . Such a kind of criteria is already estabilished in |Da3] for a quite 
general class of second order operators containing, among other examples, the subelliptic 
operators on Carnot groups. For this goal we shall mainly use a technique introduced by 
Mitidieri in |Mi] and developed in [DaTl [Da2l [Da3] and in |BoMill [BoMi2] . The proof is 
based on the divergence theorem and on the careful choice of a vector field. 

Let us point out some interesting outcomes of our approach. A first issue is that, in 
concrete cases, our result yields an explicit value of the constant c. Moreover, in several 
cases, this value is also the best constant (see |Da3j ). Furthermore, our approach includes 
Hardy inequalities already studied in |AS[ IBoMilj ICa2[ ILWj in the case p = 2 as well as 
their generalization to p > 1. 

Another aspect of our technique is that it allows to characterize the p-hyperbolic 
manifolds. We remind that a manifold M is called p-hyperbolic if there exists a symmetric 
positive Green function G^{-) for the p-Laplacian with pole at x. We prove that M is 
p-hyperbolic if and only if there exists a nonnegative non trivial function / G Lj^^ (M) 
such that 

[ f \ufdvg < [ \Vufdvg, u e Co°° (M) . 

Notice that one of the implications of this characterization for p = 2 is the result proved 
in |LW] . During the review process of this work, we receive the paper of Devyver, Fraas 
and Pinchover [DFPj . In [DFPj a general linear second order differential operator P in 
the Euclidean framework is studied. The authors find a profound relation between the 
existence of positive supersolutions of Pu = 0, Hardy type inequalities involving P and 
a weight W and the characterization of the spectrum of the weighted operator. We refer 
the interested reader to [DFPllDFP2] . 

We also obtain a generalization of (11. 2p . Namely, for a nonnegative function p, the 
inequality 

flP^j^Y f \ul^^ r 

V P J Jm Jm 

holds, provided — (p — 1 — a)App > (see Theorem 13.11) . The above inequality contains, 
as special case, the Caccioppoli inequality. Indeed, if p is a p-subharmonic function, that 
is App > 0, then (11. 3p holds for a > p — 1 and, in particular, for a = p we have 

— / \uf\Vpfdvg< [ \VufpPdvg, ueC^iM). 
P^ Jm Jm 
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This is the so called Caccioppoli inequality (see for instance |PRSj and the references 
therein for the version p = 2 on manifolds) . 

Another advantage of our approach is that it allows to obtain also other new and 
known results, like wighted Gagliardo-Nirenberg inequalities and the uncertain principle. 

Finally we show that if fll.Sp and a Sobolev type inequality (that is c \u\j^p* < \Vu\j^p) 
hold on M, then we obtain an interpolation inequality involving, as weights, p and its 
gradient. As particular case, our results contain inequalities on manifolds related to the 
celebrated Caffarelli-Kohn-Nirenberg inequality. 

The paper is organized as follows. We present the proof of (11. 2p in Section [21 where 
important consequences and observations are derived. In Section [3] we show natural exten- 
sions of (II. 2p . obtaining also Hardy inequality with weights, Caccioppoli-type inequalities, 
weighted Gagliardo-Nirenberg inequalities and the uncertain principle. Some remarks on 
the best constant and if it is attained are discussed in Section HJ In Section Owe present a 
first order interpolation inequality. Finally Section |6] is devoted to present some concrete 
examples of Hardy-type inequalties on manifolds. 

Notation 

In what follows (M, g) is a complete Riemannian A^-dimensional manifold, Q G M is 
an open set, dvg is the volume form associated to the metric g, Vm and div h stand 
respectively for the gradient of a function u and the divergence of a vector field h with 
respect to the metric g (see |Au] for further details). Throughout this paper p > 1. 

2 Hardy inequalities 

In order to state Hardy inequalities involving a weight p, the basic assumption we made 
on p is that p is p-superharmonic in weak sense. Namely, we assume that p G Lj^^^Q), 
|Vp| G (Q), and —App > on in weak sense, that is for every nonnegative 
if G Co(fi), we have 




(2.4) 



The main result on Hardy inequalities is the following: 
Theorem 2.1. Let p e W{;1 (fi) he a nonnegative function on Vt such that 



— ApP > on r2 in weak sense. 



Then G Lj, 



loc 



(Q), and the following inequality holds: 




(2.5) 
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Before proving Theorem 12.11 we shall present some immediate consequences and ex- 
tensions of the main result. 

Definition 2.2. Let Q G M be an open set. We denote by D^'^ [Vt) the completion of 
(fi) with respect to the norm 



I^Idi.p = ( / \^u\^ dvg 



1/p 



It is possible to extend the validity of (12.51) to function u G C,^ {M). This extension 
is based on the inclusion 

D^-'P {M) d D^^P iSl) . (2.6) 

The above inclusion is satisfied, for instance, when M\VL is a compact set of zero p-capacity 
(see Appendix A). 



Corollary 2.3. Let p G Lj^^ (M) be a function satisfying the assumptions of Theorem 

M. 



12.11 // (12.61) holds, then ^-^-^ G L\^^ (M), and the following inequality holds: 



(^Y [ ^-^\Vpfdv,< [ \Vufdv„ ueC^{M). (2.7) 
\ V J Jm P Jm 

Proof. The inequality (12. 5p holds for every u G C,^^ (Q), then it holds for every u G 
D^'P (n). Since (M) C D^'P (M), by using ([2SD we conclude the proof. □ 

In order to illustrate further consequences of Theorem 12.11 we give the following: 

Definition 2.4. A manifold M is said p-hyperbolicjl] if there exists a symmetric positive 
Green function Gx (■) for the p-Laplacian with pole at all, if it is not the case we call it 
p-parabolic. 

Several equivalent definitions of p-parabolic manifolds can be given. For instance in 
|Trlj there is the following (see also the literature therein and [Ho2j ) 

Proposition 2.5. Let p > 1. The following statements are equivalent 

a) M is p-parabolic; 

b) there exists a compact set K G M with non empty interior such that capp{K, M) = 0; 

c) there is no non constant positive p-superharmonic function on M; 

d) there exists a sequence of functions Uj G C^(M) such that < Uj < 1, Uj — t- 1 
uniformly on every compact subset of M and Jj^ \ Vuj\^ dvg — )■ 0. 



^Many authors call these manifolds non p-parabolic. 

^ That is —ApGx = Sx where 6^ is the Dirac measure concentrated at point x. 
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Other characterizations of p-parabohc manifolds are based on several properties, for 
instance on the volume growth, on the isoperimetric profile of the manifold, on some 
properties of some cohomology, on the recurrence of the Brownian motion. See |Grlt \Gt2\ 
IGr3l IGr4t ILTl ITrl] and the references therein. 



From Theorem 12.11 we deduce the following characterization of p-hyperbolicity. 

Theorem 2.6. A manifold M is p -hyperbolic if and only if there exists a nonnegative non 
trivial function f G L}^^ (M) such that 

I f\ufdvg< [ \Vufdvg, ueC^{M). (2.8) 
Jm J m 

Proof. If M is p-hyperbolic then inequality (12. 8 p holds with / = {j^^ Indeed 

Gx is nonnegative and satisfies hypoteses of Theorem 12.11 (see Theorem 16.41 for further 
details). 

Conversely, assume that M is p-parabolic and that (12.81) is valid for a function / > 0. 
Then from d) of Proposition 12.51 there exists a sequence of functions Uj E Cq (M) such 
that < Uj < 1, Uj 1 uniformly on every compact subset of M and 



Vujf dvg — )■ 0, (as j — )■ +oo) 



Im 



It implies that fdvg = for every compact subset D of M and then / = 0. This 
concludes the proof. □ 

Remark 2.7. Since the p-hyperbolicity of M is equivalent to the existence of a noncostant 
positive p-superharmonic function p on M, then by Theorem 12. II we obtain that inequality 

(123]) holds with/= (2^)'^. 

Remark 2.8. Our Theorem 12.61 implies that if the manifold M admits a conformal 
Killing vector field K (see i.e. |BoMilj for the definition) such that div K = yU 7^ with /i 
constant and l-ft'P^ G L]^^[M), then M is p-hyperbolic. This follows combining Theorem 
12.61 and Theorem 4 of [BoMil] (see also Remark 12. Ill ii) below). 



In order to prove Theorem 12. II we fix some notation. Let h G L]^^ {VL) be a vector field. 
We remind that the distribution div h is defined as 



/ (p div/i dvg = — {Vp ■ h) dvg, (2.9) 
Jn Jn 



for every p G Cq (f2). 
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Let h e L]^^ (fi) be a vector field and let A G L]^^ {Vt) be a function. In what follows 
we write A < div h meaning that the inequality holds in distributional sense, that is for 
every Lf E Cq such that if > 0, we have 

/ ip Advg < / ip div h dvg = - / {Vip ■ h) dvg. (2.10) 
Jn Jn Jn 

Remark 2.9. Let / G (M) be a real function such that / (0) = 0. Taking Lp = f (u) 
with u G Cq (il) in ( 1^ . we have 



/ (u) div /i dVg = — f (u) (Vm ■ h) dVg. 
Jq 

In particular, choosing / (m) = with p > 1, we get 

\uf div h dvg = -p \uf~^u{Vu-h)dvg, u e {Q) . (2.11) 
Jn Jn 

Lemma 2.10. Let h G Ll^^{Q) be a vector field and let Ah G Ll^^{Q) be a nonnegative 
function such that 

i) Ah < divh, 

u) ^eLl^n). 

Then for every u G {Vt) we have 

I HAh dvg<pP [ ^ iWufdvg. (2.12) 
Jn Jn Af^ 

Proof. We note that the right hand side of fl2.12p is finite since u G Cq^ (i7). Using the 
identity (12. lip and Holder inequality we obtain 



lul^'A/i dvg < / Iwl^div/i dv 
Jn 

< p [ luf^^lhWVuldv. 
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Pi \nr'Ar'"''J^,wdvg 

(p-l)/p / r luiP \ 1/P 

< P{ I \ufAhdVg] l^j^^WufdVg 



This completes the proof. □ 

Specializing the vector field h and the function Ah, we shall deduce from (I2.12p Hardy- 
type inequalities on Riemannian manifolds. 
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Remark 2.11. Letting us to point out a strategy to get Hardy inequalities at least in 
some special cases. Under the hypotheses of Lemma 12. 10^ if = div h, then fl2.12p reads 

[ \uf div h dvg < jf I — ^^^^^^—^\Vufdvg. (2.13) 
Jn Jn \divhf 

i) Let be a function in Lj^^ (Q) such that its weak partial derivatives of order up 
to two are in Ll^^{Q). If AV > 0, choosing h = W, we obtain Ah = div h = 
div (W) = AV >0. Then from (127131) 

r WVf 

\uf \AV\ dva<f / ' ' 1 \Vu? dv,. (2.14) 
This kind of inequalities for the Euclidean setting Q = are already found by 



Davies e Hinz in |DH] . 

At this point, in order to deduce from fl2.14p an inequality like 



\u\ 



dvg < / \Vufdvg, (2.15) 



n 

we have to choose a suitable function V. Let us to consider the case when p is the 
distance from a point q & M and |Vp| = 1. A suitable choise for is = p^"^ if 
l<j9<2, V^ = lnpifp = 2 and V = -p^'P if 2 < p < N. Following |Ca2j . if we 

require that Ap > ^ the above choises yield the inequality f l2.15p with c = (^-^—y-^^ ■ 

The success of this strategy is deeply linked to the hypothesis |Vp| = 1. Indeed, it 
seems that such a strategy does not work even in the subelliptic setting, where the 
analogous of the hypothesis |Vp| = 1 does not hold. 

Let p < N. Assume that there exists a C ^ conformal Killing vector field K (see i.e. 

K 

2 \K\P 



|BoMilj for the definition) such that divi^ = yp > 0. Choosing h = we have 
Ah := divh = ^^T^ (see Lemma 3 in jBoMilj ) and the inequality (I2.13p reads as 



Np J Jn \Kf 



\ufdvg< I {div Xy-^ \Vuf dVg. (2.16) 



n 



Therefore, by Lemma I2.10[ fl2.16p holds for every u G C^{Q) provided iKf" e 
L]^^ {VL). This last fact was obtained in |BoMiH Theorem 4]. 

Proof of Theorem 12.11 Let < 5 < 1, and p^ := p + 5. In order to apply Lemma I2.im 
we define h and Ah as 

/.:=-^4;^ andA.:=(,-l)^. (2.17) 
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Since ^ < i, the fact that p e W^^^ (il) imphes that h e L^^i^) and Ah G Lj^^i^). 
Moreover, by computation we have 



\hf |Vp, 



ip(p-i) 



P5 



p(p-l) 



P5 



p(p-l) 



lp(p-l) 



\(p-l) 



ip-l) 



that is ii) of Lemma 12.101 is fulfilled. 

The hypotesis i) of Lemma 12.101 is satisfied provided 



p 



p-i 

P5 



(2.18) 



holds for every nonnegative function G Cq^ (fi) . Then, for a fixed G Cq^ nonneg- 
ative, we have to prove (12.181) . Let K = suppip C fl and let f/ be a neighborhood of K 
with compact closure in Q. We note that both integrals in (12.181) are finite since ^ < 

and p G Wl^^{n). Since 



iVlnp^l 



iVp^l / |Vp| 
(5 



< 



P5 



(2.19) 



and lnp5 G Lf^^(r2), we have that Inp^ G W^'^i^U). Thus, for every n G N there exists 
(j)n G C°° (U) such that — Inp^l^i^p < 1/n, 0„ — )■ Inp^ pointwise a.e. and ln5 < ^Jl. 
Setting ipn = e"^" we have that ipn & C°° (U), 6 < ipn, i^n — ^ P<5 a-e. and 



llnV'^ - Inp^l^rft;^ 



K 



L 




Vps 






P5 



dVn 



0, (asn^O + cx)). (2.20) 



For every n G N, the function defined as V9„ := belongs to Cq (f2) and it is 



nonnegative since ip G Cg^ (i7) is nonnegative and > 0. Using Lpn as test function in 
(12^ we have 



< ^ I Vpr"' (Vp ■ V^n) dv, = ^ I Vpr-' (vp ■ V 



(2.21) 



■^Reminding that the Sobolev space W-^'^ (il) is the completion of the set 

\ueC°°{n): I \u\P dvg < oo and [ \\/ uf dvg < oo 
I Jn Jn 



with respect to the norm 







/ \uf dvg 4- 









the approximation result follows by slight modification of classical arguments that the reader can find, 
for instance, in |Au| . 
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which, since by computation V ( ) = — (p — 1) ^jr^, imphes 



„ _ ,) / . ... S / pf;^ . V. 1 *v (2.22) 



Now, letting n +oo we obtain by dominated convergence: 

ivpi'-'vp „ \ , /■ /ivpr^vp 



because |^^^^3^| < ^'J/J''' G Now we claim that 

J3 ^dvg= / —^dvg^ / — ^(^rfi;^. 

Indeed, 

— — pomtwise a. e. 

W Ps 

and, since < ^^Li G L^' (f/), by Lebesgue dominated convergence theorem we 

have that 



ivpr-^vp , ivpr^vp 



From this and the fact that 



^^"^^ in L^U) 



we get the claim. Therefore, letting n — )■ +oo in fl2.22p . we have 

Jn Ps Jn\Ps ' 

which is exactly f l2.18p . since Vp^ = Vp. 
An application of Lemma 12.101 gives 

fP^Y I W^i^ < I \y^\P^ (2.23) 

\ P J Ps Jn 

Finally, letting 5 — t- in f l2.23p and using Fatou's Lemma, we conclude the proof. □ 
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3 Further inequalities 



In this section we shall present some slight but natural extensions of Theorem 12.11 and 
Lemma 12.101 As byproducts of these generalizations we shall obtain Hardy inequalities 
with a weight in the right hand side, Caccioppoli-type inequalities, weighted Gagliardo- 
Nirenberg inequalities and the uncertain principle. 

A first example of a possible generalization of Theorem 12.11 is the following: 

Theorem 3.1. LetaeR, and let p e Wj^^ {VL) he a nonnegative function satisfying the 
following properties: 

V — (p — 1 — tt) App > on Q in weak sense, 

Then the following Hardy inequality holds 

np^l^Y I p.W^ \Vp\^dv, < f \Vu\'dvg, u e (Q) . (3.24) 
\ P / Jn r Jn 

The proof of the above theorem is similar to the one of Theorem 12.11 and it is based 
on a careful choice of the vector field h and of the function in Lemma I2.10[ 
Proof. Let < 5 < 1, and ps := p + 5. In order to apply Lemma [2.101 we choose the 
vector field h and the function Ah as 

h:=-[j)-\-a) -^^^ , Ah:={p-l-a) ^r^. (3.25) 

P5 Ps 

Arguing as in the proof of Theorem 12. 1^ we have to show that 

(p-l-«)^/^W-.<(p-l-«)/ f^C^-V^V-., (3.26) 
Ps Jn\ Ps j 

for every nonnegative function G Cg (^2). Let K := supp^p C Vt and let f/ CC i7 be a 
neighborhood of K. Let k > 6, and define pks '■= inf {ps, k}. Arguing as in the proof of 
Theorem 12. H we have that there exists a sequence {ipn} such that 6 < ipn ^ k, and 



|lnV^„ - In pks\ dvg — > 0, 



K 



L 




^PkS 






PkS 



p 

dvg — > 0, (as n — )■ +oo). (3.27) 



Then we use (pn '■= .p-i-a as test function in the hypothesis i), obtaining 



\2 



(p-l-a) I ^dvg<{p-l-a) ■ V<^ ) dvg. 



(3.28) 
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In the case a < p — 1 we obtain (13.261) from (I3.28p by slight modifications of the proof of 
Theorem 12.11 so we will omit the proof. 

Let a > p — 1. We claim that, letting n +oo in (13.281) . and eventually taking a 
subsequence, we get 



(p-l-a) 



2 f ivpr'vp-vp, 



'kS 



p—a 

Pis 



(f dvg < {p — I — a) 



p-l-a ■ ) d^9- 



^ \ PkS 



(3.29) 



In fact, for the right hand side the limit follows by dominated convergence, since 



p—l — OL 



Dealing with the left hand side of (I3.28p . we set 

|Vpr'Vp-V^n IVpr'Vp ViJn 



As in the proof of Theorem 12. 1^ we have 

ivpr-'vp 



C =: fn ■ 9n- 



fn ^ p_l 
PkS 



in LP' (U) 



(3.30) 



while from the relations 



< 






ypks 


■ A;" 








PkS 





■ A;" in LP (U) 



we obtain that the sequence Qn is bounded in L^ (U). Therefore, up to a subsequence, Qn 
is weakly convergent in L^ [U). Since 

Qn — > ■ PkS pomtwise a. e., 

PkS 

we have that the convergence is in the weak sense. This fact with (13.301) concludes the 
claim. 

Next step is letting k — > +oo in (I3.29p . Let us rewrite the integrand in the right hand 
side as 



PkS 



\Vpr' Vp (pks)^ (Pks)—^' -Vif <C \Vpr' (ps)^ (ps)^ 



which is in L (f/), since C|Vp|^" (ps)^ e LP (U) and (ps)^ G Lp (U) by hypothesis 
ii). Thus we can use the dominated convergence to obtain the limit for the right hand 
side of (1329]). 
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In order to pass to the limit for A; — )■ +cxd in the left hand side of (I3.29p . we rewrite 
the integrand as 

\wpr'wp-wp,s ivpr^vp-vp, ivpr 

V = ^ X{ps<kW = X{pi<fc}V5, l3.31j 

PkS PkS PkS 

where we have used the fact that Vps = Vp. Now, if a < p we apply the dominated 
convergence, since the term in fl3.3ip is dominated by the function G (U). 

Whereas, if a > p we use the monotone convergence, since \^ pf Pk5^X{\ps\<k}'^ is an 
increasing sequence of nonnegative functions. 
Thus, letting k — )• +00 in fl3.29p . we get 

Jn P5 Jn\ Ps J 

which is exactly f l3.26p . since Vps = Vp. 

As in Theorem 12. ![ an application of lemma 12.101 gives 

f^^PllY [ p2^^ iVpsl'dv, < [ pt \Vufdv,. (3.33) 

Finally, letting 5 — )■ in (13.331) . we conclude the proof. Indeed we can use the dominated 
convergence for the right hand side, since p^ IVmI*^ < C* (p + 5)° < C* (p + 1)" G Ljoc (^)' 
and apply the Fatou's Lemma for the left hand side. □ 

Remark 3.2. If a < p, then the hypothesis ii) in the above Theorem 13. H can be avoided. 
Indeed, since p e W^^^ [Q) we get that p" G Lj^^ [Q) and from the proof it follows that 

^ ^oc (^)- 

Remark 3.3. Requiring more regularity of the weight p, it is possible to drop the hy- 
pothesis of the nonnegativity of p. In this case, the condition i) in Theorem 13 . II should be 
substituted by the following: 

— {p — 1 — a) pApp > on Q. 

As a consequence of Theorem 13. II (it suffices to take a = p + q), we obtain the following 
Caccioppoli-type inequality for p-subharmonic functions, which is worth of mention: 

Corollary 3.4. (L^- Caccioppoli-type inequality) Let p G L\^^{M) and q > —1. Assume 
that p is nonnegative on an open set Q C M, and p G W^^^ (Q), p'^ |Vp|^ ,P^^'^ £ Ljoc (^)- 
// App > on Q in weak sense, then we have 

(^^Y [ p''\Vpf\ufdVg< [ p^+'^\Vufdvg, MGCo°°(fi). (3.34) 
\ P / Jn Jn 
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Notice that for g = and p = 2 the above theorem is a version of the classical 
Caccioppoli inequality on manifolds. See also |PRSj for a version of Caccioppoli inequality 
related to subharmonic functions on manifolds. 

Now we present a possible generalization of Lemma [2TT01 and some of its consequences, 
like the weighted Gagliardo-Nirenberg inequality and the uncertain principle on manifolds. 

Lemma 3.5. Let h G Lj^^ (Q) be a vector field and let G Lj^^ (Q) be a nonnegative 
function such that 

i) Ah < div/i, 

n) ^eLl^n). 

Then for every u E Cq (Vl), g G M, s > and a > 1 we have 

l/a' 



^ |nr l/^r dv, < f/^ I Vnr dv,^ '"^ U ^ |«|^ dv,^ , (3.35) 



provided G L\^^{VL). 

i-p 

In particular, setting w := \h\ A^^ , we have 
1. 



l/s / n \ ''/^ / /■ ^ (l-'')/'^ 

<P'?{P-1)/W / wP\\/ufdVg\ \ W^^\ufdVg 



(3.36) 



where t, 5 > and 



\ _h 1-6 1 _ 1 1 ^ 



s p (5 ' q pf t5' 1 + t(p — 1) 



jju\'dvg<p^/''(^j^w^\Vu\''dv)j^ (^j^^^\u\^dv)j' , (3.37) 



where s > and a > 1. 
Proof. By Holder inequality with exponent a we have 



Jn Jn 



< ( / \u\^ AhdvS'^ {\ \hf Al'''l''\u\'^dv^^'^ 
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which by using fl2.12p . imphes fl3.35p . 

From f l3.35p we get f l3.36p by choosing a = 1 + ^, and fl3.37p by choosing q = 0. □ 

Speciahzing h and Ah we obtain from (13.360 and (13.370 a weighted Gaghardo-Nirenberg 
inequahty and an uncertain principle respectively. In particular, choosing h and Ah as in 
fl2.17p . we have the following 

Theorem 3.6. Let p e L}^^ (M). Assume that p e W/„f (fi) is a nonnegative p-superharmonic 
function on Q G M and satisfies the hypotheses of Theorem \2.1\ Let 5 > and < 6 < 1. 
Then for every u G Cq {Vl), we have 

(3.38) 

where 

I _b 1-6 1 _1 l-b 

s p 5 ' q{p — 1) p b6 
In particular, if p = for some a ^ with \Vd\ = 1, then we have 

L ^ ^ (r(^t)) (/„ (/„ • 

where s = p — 1 + - . 

Notice that for s = p = 2 the inequahty (I3.39P is the weighted Gagliardo-Nirenberg 
inequality on manifold. Its counterpart in Euclidean setting is largely studied by many 
authors, see for instance |DVj . Further examples of manifolds and functions p satisfying 
the hypotheses of the above theorem are given in Section [61 

Theorem 3.7. Let p G L]^^ (M). Assume that p G W^^ (fi) is a nonnegative p-superharmonic 
function on Q G M and satisfies the hypotheses of Theorem \2.1\ Let s > and a > 1. 
Then for every u G Cq {Vt), we have 

In particular, if p = d"" for some a with \Vd\ = 1, then we have 

L l-l" ^ ( R(^T) ) (/„ "° (/„ • P-^^' 

Notice that ifa = s = p = 2 the inequality (I3.4ip in the Euclidean setting coincides 
with the celebrated uncertain principle with d = \x\, the Euclidean norm. 
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Remark 3.8. Different choices of the vector field h and of the function in Lemma 
13.51 produce inequahties different than fl3.38p — (13.411) . For instance, one can define h and 
Ah as in fl3.25p . obtaining a version of fl3.38p — fl3.4ip with further weights. 



To end this section, we want to point out that it is possible to extend all the results of 
this paper considering vector fields of the type V^u := fi(Vu), where is a (1, l)-tensor 
(say C^). In this case, replacing V with V^, a Hardy-type inequality like (12. 5p holds 
provided V* {\V ^uf~'^ V ^u) > 0, where V* stands for the adjoint of V^. We leave the 
details to the interested reader. Notice that the study of Hardy inequalities for the vector 
field was already studied in |Da3] . when the support of the manifold is M^. 



4 Remarks on the best constant 



Theorems 12.11 and 13.11 affirm the validity of some Hardy inequalities with an explicit value 
of the constants involved. I„ mauy cases these constants, (h^)' and (fc^)^ result to 

be sharp. For example in |Da3j the author proves the sharpness of the constant 



\p~l—a\ 

involved in the inequality of Theorem 13.11 in several cases. Moreover the question of the 
existence of functions that realize the best constant is analysed in many papers (for the 
Euchdean case see for instance jBMl iDHl IMMPi IMSTI IMH2] ). On the other hand, the 
knowledge of the best constants for the inequalities plays a crucial role in \AX\ \CX\ IXi] . 

For the sake of simplicity, we shall focus our attention on the inequality (12. 5p . We 
denote by c{Q) the best constant in (12. 5p . namely 

. ^ fo I VmP dva 
c := inf ^ 4.42 

Then, we have the following: 

Theorem 4.1. Under the same hypotheses of Theorem \2.1\ we have: 

1. If p p E D 'P(f2), then c(fi) = ( ) o-i^d p p is a minimizer. 

2. If p p ^ D '^{Vt), p > 2 and c(fi) = i^^j , then the best constant c{Vt) is not 
achieved. 

Proof. 1) From (12.51) we have c (fi) > f j • Moreover, if p~ E D^'P (f2), by computa- 
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tion 



Vp p 



P — 1 
P 

P 



P 



dVn 



P 



n P 
p p 



n 



\VpfdVg 



p-1 



Thus, taking u = p p , we obtain the infimum in fl4.42p . 
2) Let u e Co°° {^). We define the functional I as 



J(m) := / \Vufdvg 



p-iy 



p 



\u[ 



pp 



\VpfdVg. 



We note that the functional / is nonnegative, since (12. 5p holds, and the best constant will 
be achieved if and only if / (u) = for some u G D^'^ (Q). 



Let V be the new variable v := ^ with 7 := 2-1. By computation we have 

|Vm|' = |V(t;p^)|' 

= |7|' v^p'-'-^ I Vp|' + p2^ I Vt;|' + 27 V^'Vp ■ Vv. 



(4.43) 

(If p is not smooth enough, we can consider ipn as in the proof of Theorem 12.11 and after 
the computation take the limit as n — )• +00). 
We remind that the inequality 

(e - VY >C- svC' (4.44) 
holds for every ^,77,5 e M, with ^ > 0, ^ > and s > 1 (see [GGM]). Applying 
and (533]), with s = p/2, ^ = |7|%V^^"^ |Vp|^ and r] = -2-fv p'^^'-^V p ■ Vv - p^T |Vf |^ 
we have 



\Vuf > \jf v^pP^'P I Vpr + P llf 7 l^r V iVpf Vp ■ Vv 

Then, taking into account that v = we have 

liu) = [ iVufdvg-l^r f^-^lVprdvg (4.45) 
Jq Jn P 

> [ p i7r~' 7 i^r"' V I Vpr"' (vp ■ v^;) dvg 

Jn 

+ I l\ir^\vr^p\Vpr^\Vv\^dvg=:h{v) + h{v). (4.46) 
17 



Re-arranging the expression in Ji {v) and integrating by parts we obtain 



hiv) 



p — 1 

P 

p — 1 
p 



p-i 



V{\vf)-\Vpr^Vp dv. 



|tf (-App) dvg > 0, 



where we have used the hypotesis —ApP > 0. On the other hand we can rewrite I2 (v) as 



hiv) 



p 
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lP-2 



p|Vp| 



p-2 



V \v 



p/2 



dVg. 



(4.47) 



Thus, we conclude that for every u G D^'^ (Q) 

2 



I(u)> - 7 
p 



lp-2 



p|Vp| 



p-2 



V If 



|P/2 



dvg > 0, 



and this inequahty imphes the non existence of minimizers in D^'^ (Q). 



□ 



We end this section by showing a further result that arises from the fact that the 
best constant, in some cases, is not achieved. Indeed, if the best constant involved in an 
inequality is not achieved, it is natural to ask if a reminder tem can be added. The next 
result shows that in the inequality fl2.5p one can add an extra term. 



Theorem 4.2. Let p = 2 and let p be as Theorem \2. 1\ We define 



Ai := inf 





Vu 


f dVg 


InP 


\u\ 


^ dVg 



Assume that Ai > 0. Then 



[ \Vuf dvg>] [ I Vp|^ dvg + Ai [ dvg, u G Cl [Q) . (4.48) 
Jo. ^ Jn P Jn 

Proof. We shall give a sketch of the proof since it is similar to the proof of Theorem 14. 1[ 
By using the same notation of the proof of Theorem 14.11 from (14. 43 p . we deduce that 

H'^) — / p\^vfdvg> Ai / p\vfdvg = Ai / u'^ dvg, 
Jn Jn Jn 

where we have used the fact that — Ap > 0, the definition of Ai and v = ujp^^'^. This 
concludes the proof. □ 

An example of manifold where the hypothesis that Ai > is satisfied is the following. 
Let p be a nonnegative superharmonic function on and let O C a bounded open 
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set. Then p belongs to the Muckenhoupt class Ai and this implies that Ai > (indeed 
it suffices to combine Theorems 3.59 and 15.21 of [HKM] ) . In particular, with the choice 
p := N > 2 and C a bounded open set, fl4.48p reads as 

[ \Vuf dx > [ Pr^dx + Ai [ u^dx, ue (fi) , 

which is the celebrated inequality proved in |BVj . See also |Da2[ IGGMj for related results 
in Euclidean and subelliptic setting for p > 1 and for further references. 



5 First order interpolation inequalities 

In this section we shall study some inequalities of Hardy-Sobolev type. As already said 
above, interpolation inequalities as well as the knowledge of an estimate of the best con- 
stant have an important role in several areas of mathematical science. Thus we shall 
address some efforts to keep track of explicit values of the involved constants. 
We shall assume that the Sobolev inequality 

Sip)(^J \uf dvg^ < (^j \Vu\''dv}j '\ MeCo°"(fi) {S) 

holds for some p* > 0, and the Hardy inequality 

H{a,p) [ p"^-^\Vpfdvg< [ p'^lVufdVg, ueC^in) (H^) 
Jn P Jn 

holds for an exponent a G M. 

In some cases, the validity of (5) implies that (Ha) holds as well. Indeed, let > 2 
and let M be a A^-dimensional complete and connected Riemannian manifold with infinite 
volume, if (S) holds with p = 2 and p* = 2N/ {N — 2) then M is hyperbolic (see [Gal] ). In 
this case, from Theorem l2.6l we have that a Hardy inequality holds. Therefore, there exists 
a nonnegative nonconstant superharmonic function p ad hence (Ha) holds with p = 2 and 
a < 1 (see Theorem 13. II and Remark 13. 2p . 

In order to state our main result of this section, we need the following preliminary 
theorem: 

Theorem 5.1. Assume that [S) holds on VL. Let ^ e M and p > be a function such that 
[Ha) holds with a = p9. Then there exists C2 > such that 

C2 (^j l^r* dv}j < (^j ff' \Vu\''dv^ '\ ue {VL) . (5.49) 
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Moreover 



C2 = S{p) 



H{pe,p) 



i/p 



In particular, if p & L\^^ [Vt) is a nonnegative function satisfying the hypotheses of 
Theorem 13.11 with a = p6 and (S) holds, then we obtain fl5.49p with 

\p — 1 — p6\ 



C2 = Sip) 



p\9\ + \p-l -p9\ 



Proof. The case 6 = corresponds to the Sobolev inequahty. Let 6^0. Let u G C,^^ (Q) 
and define f as f := p^u. By computation we have 



\Vv\ 



u 



\p"Vu + ep"-'uVp 



< {p'\Vu\ + \e\p'-'\u\\Vp\Y 

/ |v.| + ^//^ V-^ \u\ ivpi' ' 

where, for sake of brevity, H = H {p6,p) and S = S{p). By using the inequahty 



(5.50) 



a + 



1 -e. 



by < e^-^aP + - — -F (0 < e < 1, a, 6 > 0) 



1-e 



eP 



with e := j^ijj^^, cl '■= P^ |Vm| and b := H^^^p^ ^ \u\ |Vp|, we have 



(5.51) 



Then, by (5) and using (Ha) with a = p9, we obtain 



[ pP^'lufdv, 
Jq 



p/p* 





( 


j 


\v\^ dvg 






Jn 




< 


s 


-p 


^l-p j 








Jq 


< 


s 


-p 


\^'-P + - 



p/p* 



< / r 

1 - e 



(5.52) 



pP'\Vufdvg + ^^H I pP'^-^\Vpfdv 



1 - e 
eP 



which concludes the proof. 



pP' \Vufdvg = {Se)-P I pP' \Vufdvg, 

□ 



Theorem 5.2. Assume that (S) holds on Q with p* > p. Let ^ G M and p > be a 

function such that {Ha) holds with a = p6. Let r > 0, < a < 1, 7, e, cr and 6 be real 
numbers satisfying the following relations 



1 1 1 — a a 

->-> + — , 

p r p p* 



(5.53) 
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7 + ^*!'[ ^? ={l-e)a + 6{l- a) 



and 

Then there exists C3 > such that 



r {p* — p) 

e = 9a + (7 (1 — a) . 



(5.54) 
(5.55) 



I (<5+cr)p 



I IP I^pI — ^ 



(l-a)/p 



that is 



u- 



|Vp| 



7+e 



< |Vm| 



LP 



U- 



1-a 



LP 



u e Co°° (fi|5.56) 
(5.57) 



provided G L^^^ (fi). 



Moreover 



In particular, if p & L]^^ {Vt) is a nonnegative function satisfying the hypotheses of 
Theorem 13.11 with a = p6 and (S) holds, then we obtain fl5.56p with 



P {r-p) 
^r(p*-p) 



\P-1 



P 



P*(r~p) 
r{p*-p) 



Proof. From condition fl5.53p it follows that p* > r > p. We shall distinguish tree cases. 

Case: r = p*. From fl5.53p necessarely we have a = 1 and hence from fl5.54p and fl5.55p 
e = 9 = —7. The inequality to prove is actually the thesis of Theorem 15.11 

Case: r = p. li a = there is nothing to prove. If a = 1, then the thesis is the the 
inequality (Ha). Let < a < 1. By using fl5.54p and fl5.55p we have 



\u\ 



|Vp| 



(7+e)r 



\u 



ap 



Now the claim follows applying Holder inequality with exponent 1/a and then Hardy 
inequality {Ha). 

Case: p* > r > p. Let g G M be a parameter that we shall fix later. Using Holder 
inequality with exponent s > 1 we obtain 



|Vp| 



ap 



\U 



(l-a)p 



(l-a)5p I^PI "-'^9- 



\U\ 



n P 



|Vp| 



(7+e)r 



dVn 



\u\ 



p' 



rfr+p*e/s 



|Vp| 



(7+e)r 



dVn 



< 



\u 



(.r-q)s r,*e 



fP'dv, 



l/s 



\u 



qs 



l/s' 



n P 



(■yr+p*6 / s)s' 



7|Vp| 



{7+e)rs' 



dVn 



(5.5J 
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Now we apply Holder inequality with exponent t > 1 to the second term of ( I5.58p and 
obtain 



-J^ Wol^^-^'^''' dv = / iVor^/V'/*^^ ^-^ dv 

-UtS"'^"'"' (X ptJ-»/t.--,..-/..P».7. ^"») (5.59) 

Now, requiring that the following conditions are satisfied 

qs' = p, {r — q)s=p*, (5.60) 

we get 

s = ^— ^>1, (5.61) 
r — p 

since 05.531) holds. Using (15.601) . by 05.581) and (15.591) we have 

^ pP l^^l /^^^sj pi^r+p*e/s)s't'-pt'/t+pet'/t^'"9 

/ f \ p*/ps+l/s't 



^ p{rr+p*e/s)s't'-pt'/t+pet'/t ^9 j ' v-"-^^; 

where, in the last inequality, we have used (15.491) and and {Hq) with a = p9. To conclude 
we have to choose t > 1 such that 

{-f + e)rs't'-pt'/t=p{S + a), {-fr + p*e/s) s't' - pt' /t + p9t' /t = pS, (5.63) 

and 

p*/ps + l/s't = ar/p, 1/s't' = (1 - a) r/p. (5.64) 

First of all, note that in (I5.59P we can make the choice t = g/j-^/J^.p*) > 1, since (I5.53P holds. 
Using the expressions of t and s, equalities (15.641) follow by simple computations. Moreover, 
from (15.641) we obtain that s'f = and j = f^^^^- Using this two expressions and 

the conditions (I5.54p and (I5.55P we get also (15.631) . This concludes the proof. □ 
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Remark 5.3. The condition fl5.55l) takes into account the presence of the |Vp| in the 
weights appearing in fl5.56p and it is also a necessary condition. Indeed, to see the necessity 
of f l5.55p we argue as follows. Assume that Theorem 15.21 were true. If (S) and (Ha) hold 
with a function p, then those inequalities still hold with the function Xp for every A > 0, 
and hence the conclusion of Theorem 15.21 holds replacing p with Xp. By homogeneous 
consideration one derives the necessity of fl5.55p . 

Remark 5.4. Since the condition fl5.55p is a requirement on the parameters e and a, if 
|Vp| = 1, these parameters do not appear in the inequality (15. 56 p . Therefore, condition 
(I5.55P is always fulfilled (i.e. choosing e = a9 and a = 0). The next corollary deals with a 
generalization of this case. 

Corollary 5.5. Assume that (S) holds on Q with p* > p. Let 6 E and p > be a 

function such that {Ha) holds with a = p9 and p = d^ with /3 G M and |V(i| = 1. Let 
r>0, 0<a<l and 7, 5 he real numbers satisfying h5.5'J\) and 

Then there exists C3 > such that 



that is 



u 



LP 



1-a 



LP 



(5.67) 



provided G Ll^ (fi). In particular, C'^ = C3/37+^9a-(i-a)5_ 



Remark 5.6. Notice that, if in the previous corollary we take p* = -^z^, condition (I5.65P 
becomes 

and (15.661) is a particular case on manifold of a result obtained by Caffarelli, Kohn and 
Nirenberg in [CKN] in Euclidean setting. 



6 Some Applications 

In what follows we apply the results proved in the above sections to concrete cases, 
obtaining Hardy inequalities which in some cases are new. For sake of brevity we shall 
limit ourselves to show some applications of Theorems 12.11 and 13.11 by specializing the 
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function p. With the same tecnique it is possible to obtain apphcations of the other 
theorems presented in the previous sections (Caccioppoh inequahty, uncertain principle, 
Gagliardo-Nirenberg inequality, first order interpolation inequalities, and so on). We leave 
the details to the interested reader. 



6.1 Hardy inequality involving the distance from the boundary 

In order to prove a Hardy inequality involving the distance from the boundary, we need 
the following result, which is an immediate consequence of Theorems 12.11 and 13 . 1 [ 

Theorem 6.1. Let M he a compact Riemannian manifold with boundary of class C°° , 
let (fi be the first eigenfunction related to the first eigenvalue of the p-Laplaciai^, and 
a<p — 1. Ifipi>0, then the following inequality holds on M 



p ~ 1 — a 



/ cpf-A^\^^^\Pdvg< / if'^ \\/uf dvg, ueC^iM). (6.70) 
Jm V'l Jm 



p 

In particular we have 

fP^llY f \^\^^^\Pdvg< [ \Vufdvg, ueC^iM). (6.71) 
\ P / Jm fi Jm 

The main theorem of this section is the following: 

Theorem 6.2. Let M be a compact Riemannian manifold with boundary of class , 
let (fi be the first eigenfunction related to the first eigenvalue of the p-Laplacian. Assume 
that ifi G (M), (pi>0 on M and \Vipi \ ^ on dM. 

Denoted by d{x) := dist {x, dM), there exists a constant c > such that 

of ^-^dvg< [ \Vufdvg, ueC^iM). (6.72) 
Jm dP Jm 

The proof of the above theorem relies on the following result, which is worth of mention: 

Theorem 6.3. Let M be a compact Riemannian manifold with boundary of class C°° , let 
(pi > be the first eigenfunction related to the first eigenvalue Ai of the p-Laplacian, and 
< s < p ~ 1. Then the following inequality holds 

X^iE^ll^-^^-^ f ipl\ufdvg< [ ipllVufdVg, ueC^{M). (6.73) 
P'' Jm Jm 



4 



This means that {Xi,(pi) is a sohition of the problem 



^ = on dM, ^ ' 



and Ai :— min{A : (A, 1^9) solves (I6.69P }. 
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Proof. Set (f) := '-Pi^'^ ^\ By computation we have 



Choosing h := — \'V(f)f ^ V0 and := — Ap0, an apphcation of Lemma [!^. 101 yields 



This last chain of inequalites concludes the proof. □ 

Proof of Theorem 16.21 For a fixed number 7 > 0, we denote by Q'^ and Q-y respectively 
the sets := {x : d (x) < 7} and := {x : d (x) > 7}. 

Let (pi be such that ^ 1- By continuity argument, we have that there exist 

e, 6 > such that 

|V<^i (x)| > 6 > 0, for X G fi'. 
Since (pi is a Lipschitz continuous function, we obtain that there exist L > such that 

ipi (x) < Ld{x) , X e M. 

We set 

L := minoji . 
From fl6.7ip and (16.731) we get respectively 

Chosing 2c := min | (^^y'^ ^1^^-^-^ ^e^^j summing up the above estimates 

we obtain the claim. □ 

6.2 Hardy inequality for j9-hyperbolic manifold 

In this section we estabilish Hardy inequalities involving the Green function of the operator 
—Ap. The case p = 2 is already proved in |LWj . We have the following: 
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Theorem 6.4. Let (M, g) be a p-hyperbolic manifold, let be the Green function for 
Ap with pole at x, and a G M. Then the following inequality holds 

f\P^J—^Y[ G:^-^^\urdv,< [ G:\Vufdv,, «G Co^(M\{x}). 

\ P / Jm\{x} Jm\{x} 

(6.74) 

In particular, we have 

fp-iyr rVG^i^jp^^^^ /• |v^|P^^^^ ueG^{M\{x}). (6.75) 

\ P J Jm\{x} Gx Jm\{x} 

and, if p < N, 

{^J^j L " / l^^ufdvg, u e (M) . (6.76) 

Proof. We know that G^ e Wi^^ (M) is a nonneffative function on M. Moreover the 
hypotheses of Theorem 13.11 are fulfilled; in fact 

i) -ApG^ = in M \ {x} 

ii) I||^,G-GLL(M\{x}). 

Then, by Theorem 13. inequality f l6.74p holds. In particular, taking a = 0, we obtain 
the inequality 06.75 p . Moreover, if p < N, we are in the position to apply Corollary 12.31 
because {x} is a set of zero p-capacity (see Theorem 2.27 in [HKMj ). and then we can 
use Proposition lA-lj this proves that also fl6.76p holds. □ 

6.3 Hardy inequality on Cartan-Hadamard manifold 

In what follows (M, g) will denote a Cartan-Hadamard manifold, that is, a connected, 
simply connected, complete Riemannian manifold of dimension > 2, of nonpositive 
sectional curvature (see |Ca2[ IHolj ILWj for further details). Let o G M be a fixed point 
and denote by r the distance function from a. We have the following: 

Theorem 6.5. Let {M,g) be a Cartan-Hadamard manifold and a G M. 
If {N ~ p){jp — 1 — a) > 0, we have 

{N -p){p-l-a)Y f „P^|Mf f IV7 IPJ 



P(P-I) J Jm\{o}' rP Jm\{o} ^' 

ueC,^{M\{o}), (6.77) 

and, in particular, if 1 < p < N, 

/iV-pV /• f \^^\Pdy^^ ueC^{M). (6.78) 

\ P J JM JM 
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If p < N , setting Q := r ^(]0, 1[) or Q := r +oo[), we have 

i^J LV^'^'''- IJ^''^''^'''' «eCo°°(fi). (6.79) 

Proof. In M \ {o} we define p = with /3 G M that will be chosen later. The function 
p G Wl^^ (M \ {o}) is nonnegative on M \ {o}. 
By computation 

A,p = div ilVpr'Vp) 

= div (|/3r-V(^-i)(P-2)/3r^-iVr) 

= \(3r' /3 -l)ip- 1) r^^-'^(^-'^-' + r(^-i)(P-i) Ar] 
= IPf-^ p _ 1) _ 1) + rAr] , 

then we have 

-{p-l-a)App = -{p-l-a) p _ 1) _ 1) + rAr] . (6.80) 

The function r satisfies the relations 

iV - 1 

iVrl = 1, Ar > , (6.81) 

r 

(see [Ca2] ). Then choosing /3 = we have that (/3 — 1) (p — 1) + rAr > 0, and 

— {p — 1 — a) App > 0, that is the hypothesis i) of Theorem 13. II is fulfilled. Since = 
- G L}^^ (M \ {o}) and p" = r'^" G L}^^ (M \ {o}), we are in a position to apply 
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Theorem 13. 1[ obtaining the inequality fl6.77p . 

In particular, taking a = and using Corollary 12.31 we get (16. 78 p . In fact, since 
p < N, {o} is a set of zero p-capacity (see Theorem 2.27 in |HKMj ). and then we can use 
Proposition lA-ll 

If Q = r~^(]0, 1[), then from Theorem 12.11 with the choice p := — Inr we have that 
inequality fl6.79p holds for every G {Q \ {o}). However in this case Q is p-hyperbolic, 
and {o} is a set of zero p-capacity. Thus applying Corollarv 12.31 we obtain (16. 79 p . 

Finally, if f2 = r~^(]l, +oo[), inequality (I6.79P follows from Theorem 12.11 with the 
choice p := Inr. □ 



6.4 Hardy inequalities involving the distance from the soul of a 
manifold 

Let {M,g) be a complete noncompact Riemannian manifold, of dimension N > 2, with 
nonnegative sectional curvatures. A result due to Cheeger and GromoU asserts that there 
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exists a compact embedded totally convex submanifold S with empty boundary, whose 
normal bundle is diffeomorphic to M (see |CGj ). The submanifold S, called "'soul'" of M, 
is not necessarily unique but every two souls of M are isometric. "Totally convex" means 
that any geodesic arc in M connecting two points in S (which may coincide) lies entirely 
in S. In particular, S is connected, totally geodesic in M, and has nonnegative sectional 
curvature. Moreover < dimS < dimM. 

Denote by r : M \ S* — )■ M the distance function to S. We have that r is smooth on 
M\S and |Vr| = 1 on M \ S. Now we suppose that radial sectional curvature Kr-, that 
is sectional curvature of two-planes containing the direction Vr, satisfies 



where cat = then we have 



< ir. < (6.82) 



ctv (A^ - s - 1) , , 

Ar > ^ ^, 6.83 

r 



where s = dimS (see |EF] ) . We have the following: 

Theorem 6.6. Let (M, g) be a Riemannian manifold with nonnegative curvature. Suppose 
that (16:821) IS fulfilled. 

Let G := cn {N — s — 1) — p + 1 . If G ■ {p — 1 — a) > 0, we have 

Moreover, ifG>0, we have 

{jj jj^dv,< jjVufdv,, ueC^iM). (6.85) 

Proof. Let p = in M \ S with (3 = Arguing as in the proof of Theorem 

EM using f OD]) and (Km . we obtain - {p - 1 - a) App > 0. Since p e Wl;^{M \ S), 
= G Ll^ (M \ S) and = r^" G Ll^ {M \S), the hypotheses of Theorem 

[Pare fulfilled, and (KMf follows. 

In particular, if a = 0, f l6.84p becomes 

VP/ Ja/\s ^ ja/\s' 

Now, the hypothesis G > implies that — p > s. In fact, by the fact that G = 
Cn {N — s — 1) — p + 1 = (A^ — s — 1) — p + 1 > 0, by simple computations we get 

(A^-2)(A^-s-l)-A^(p+l) = (A^ - 2) (A^ - s) - A^p 

= A^ (A^ - s) - 2 (A^ - s) - A^p 
= A^(A^-s-p) -2(A^-s) > 0, 
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which imphes N — s — p > 2^^j^ > 0. Then 5 is a set of zero p-capacity (see Theorem 
2.27 in |HKMj ). and we can use Proposition lA-ll and Corollary 12.31 to obtain inequality 

dnss}. □ 

6.5 Hyperbolic plane 

Let EI be the upper half-plane C+ = {z = x + iy : Imz = ?/ > 0} equipped with the 
Poincare metric ds^ = ^^^r^. This space is a Riemannian manifold that models the 
two dimensional hyperbolic space. We will see that, using Theorem 12. ![ one can deduce 
the Hardy inequality for the hyperbolic plane (see for instance |He] and references therein). 



Theorem 6.7. Let a G M. Then, for every u G (C+), we have the following: 

\P-'-^\y f inr-^^<2-/^/ iImzr{\duiz)f+\duiz)\YdAiz), 

(6.86) 



where d A (z) ■=^, andd,d are the Wirtinger operators, that is 



3..^Ul-4\, a:=if# + 4). (6.87) 



2 \dx dy J 2 \dx dy 

Proof. Since C+ ~ M^, every function u = u{z) G C,^^ (C+) can be seen as a function 
u = u{x,y) G Co°° The function p{x,y) := y e W^;^ (M^) is nonnegative in R^, 

and -App = on R^. Moreover, = ^ and = |/" belong to Ll^ (R^). Then the 
hypotheses of Theorem 13. II are fulfilled, hence we have: 

(^ ^^ ' "^^ J ^ dx dy < l^j^ \Vuf dx dy, u e [RI) . (6.88) 

By the identification of R^ and C+ and the expressions of d, d, we conclude the proof. □ 
6.6 The Euclidean case 

In this last section we show that our main results. Theorems 12.11 and 13. yield some well 
known sharp Hardy inequalities in the Euclidean space. 



Since for p < N R^ is hyperbolic and is a Cartan-Hadamard manifold. Theorems 16.41 



and 16.51 hold also on R with Gx = \x\ ^-^ and r = |x| respectively. However, the function 

p-N 

\x\ p-1 is p-harmonic in M \ {0} also for p > N. Therefore we have the following: 
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Theorem 6.8. If p ^ N, then 
\N — p\ ■ \p — 1 ~ a\\^ 



\u 


p 


\x 





^ ^ p — n 



M G Co°" (M^ \ {0}) . 

In the half space there holds the following: 

Theorem 6.9. Let a E R, let N > 2, let = {(xi, . . . , xat) G : a;i > O}, anc? let 
p (x) := d (x, (9]R^) &e i/ie distance from the boundary ofM^. Then we have 

np-l-ai y f aH^^^f p-i^ufdx, ueC^(R'[). (6.89) 
V P / Jr^ 

Proof. The distance p (x) = Xi G W^^^ (^+) nonnegative on and it is easy to verify 
that the hypotheses of Theorem 13.11 are satisfied. Therefore the thesis follows. □ 

Actually a more general theorem for convex domains holds. 

Theorem 6.10. Let D be a proper convex open subset ofM.^, let d := diet (■, dD) be the 
distance from dD and let a < p — 1. Then we have 



1 \ p 
p — 1 — a\ 



p 

and, in particular, 



J c/"^ dx< J d" I Vm|^ dx, u G (D) , 



Proof. The thesis will follow by applying Theorems 12.11 and 13.11 To this end it suffices 
to prove that the function d{x) := dist {x,dD) is p-superharmonic. Indeed, D = f^II, 
and d (x) = infn dist (x, dU) where the intersection and the infimum are taken over all 
the half-spaces 11 containing D. Since dist (x, dU) is continuous and p-harmonic, we have 
that d is p-superharmonic (see |HKM] ). This concludes the proof. □ 

A Appendix 

Let us recall that p-capacity of a compact set K is defined as 

capp {K, M) = inf j f \Vuf dvg : u e (M) , < m < 1, 

■u = 1 in a neighborhood of K } . (A-1) 
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Proposition A-1. Let M be a p-hyperbolic manifold of dimension N. Let K d M be a 
compact set of zero p-capacity. Then 

D^'P (M) C D^'P {M\K), 

that is every function u G D^'^ (M) can be approximated by function (M \ K) in the 



norm 



Proof. Let if G C,^^ (M). In order to prove the claim it is sufficient to prove that (/? G 
D^'P (M \ K). Since capp {K, M) = 0, there exists a sequence {uj)^^-^^ such that, for any 
j > 1, Uj G Co~ (M), < Uj < 1, Uj = 1 in a neighborhood of K and uj ^ in D^'P (M). 
For every j > 1 the function cpj := (1 - Uj) cp belongs to {M \ K) C D^'P (M \ K). 
We shall prove that ipj in D^'P (M \ K), that is 

/ \V<Pj - V<pf dvg — > 0, (as j +oo). (A-2) 

J M\K 

In fact, we have 

i/p / /• \ i/p 



(f \V^j-V^\^dv^ =([ \\/(p{l-Uj)-(p\/Uj-V(pfdvg^ 
\Jm\k ) \Jm\k j 

<( [ \Vipf\u/dvg) +( I |</^nVM,rrfO '\ (A-3) 

\J M\K J \Jm\K j 



The second term in flA-Sp converges to for j — )■ +oo. Indeed, since uj — )■ in D^'P (M), 
we obtain 



\(P\ \VUj\ dVg < / \(p\ \VUj\ dvg 

M\K Jm 



< \vL \Vu/dVg—>0, (asj^+oo). 
Jm 



It remains to prove that the ffist term in (1A-3P converges to as well. Let D be the 
support of if] then we get 



M\K 



\\/(pf \ujf dvg < / \\/(pf \ujf dvg = / \\/(pf \uj\-'' dvg 
Jm Jd 

<|V<^IL/ \ujfdvg<\V^\lC [ \Vu/dvg—>0, (asj->+oo), 
Jd Jm 

where, in the last inequality, we have used a characterization of the p-hyperbolic manifold 
(see Theorem 3 in |Tr2j ) . □ 
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